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Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ âîëíîâîãî  óðàâíåíèÿ            ( (   2 u/ (  t2) =  c 2 * ( (   2u/ (   x2) (1). Çàäà÷à ñîñòîèò â îòûñêàíèè ôóíêöèè u(x,t) óäîâëåòâîðÿþùåé äàííîìó óðàâíåíèþ ïðè 0 < x < a, 0 < t ( T, íà÷àëüíûì óñëîâèÿì u(x,0) = f(x),  ( u(x,0)/ ( t = g(x) , 0 (  x (  a è íóëåâûìè êðàåâûìè óñëîâèÿìè u(0,t) = u(1,t)=0.


Òàê êàê çàìåíà ïåðåìåííûõ t (   ct ïðèâîäèò óðàâíåíèå (1) ê âèäó ( (   2 u/ (  t2) =  ( (  2u/ (  x2), òî â äàëüíåéøåì áóäåì ñ÷èòàòü ñ = 1.


Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû ðåøåíèÿ çàäà÷è ñòðîèì â îáëàñòè D = {(x,t) | 0 (  x (  a, 0 (  t (  T } ñåòêó xi = ih, i=0,1 ... n , a = h * n, tj = j* (((  , j = 0,1 ... , m, ( m = T è àïïðîêñèìèðóåì óðàâíåíèå (1) â êàæäîì âíóòðåííåì óçëå ñåòêè íà øàáëîíå òèïà “êðåñò”.
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Èñïîëüçóÿ äëÿ àïïðîêñèìàöèè ÷àñòíûõ ïðîèçâîäíûõ öåíòðàëüíûå ðàçíîñòíûå ïðîèçâîäíûå, ïîëó÷àåì ñëåäóþùóþ ðàçíîñòíóþ àïïðîêñèìàöèþ óðàâíåíèÿ (1) .





  ui,j+1 - 2uij + ui,j-1           ui+1,,j - 2uij + ui-1, j
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Çäåñü uij - ïðèáëèæåííîå çíà÷åíèå ôóíêöèè u(x,t) â óçëå (xi,tj). 


Ïîëàãàÿ, ÷òî  (  =  ( / h , ïîëó÷àåì òðåõñëîéíóþ ðàçíîñòíóþ ñõåìó


ui,j+1 = 2(1-  (   2 )ui,j + (   2 (ui+1,j- ui-1,j) - ui,j-1 , i = 1,2 ...  n.    	(5)


Äëÿ ïðîñòîòû â äàííîé ëàáîðàòîðíîé ðàáîòå çàäàíû íóëåâûå ãðàíè÷íûå óñëîâèÿ, ò.å. (  1(t) (  0, (  2(t) (  0. Çíà÷èò, â ñõåìå (5) u0,j= 0, unj=0 äëÿ âñåõ j. Ñõåìà (5) íàçûâàåòñÿ òðåõñëîéíîé íà òðåõ âðåìåííûõ ñëîÿõ ñ íîìåðàìè j-1, j , j+1. Ñõåìà (5) ÿâíàÿ, ò.å. ïîçâîëÿåò â ÿâíîì âèäå âûðàçèòü ui,j ÷åðåç çíà÷åíèÿ u ñ ïðåäûäóùèõ äâóõ ñëîåâ.


×èñëåííîå ðåøåíèå çàäà÷è ñîñòîèò â âû÷èñëåíèè ïðèáëèæåííûõ çíà÷åíèé ui,j ðåøåíèÿ u(x,t) â óçëàõ (xi,tj) ïðè i =1, ... n, j=1,2, ... ,m . Àëãîðèòì ðåøåíèÿ îñíîâàí íà òîì, ÷òî ðåøåíèå íà êàæäîì ñëåäóþùåì ñëîå ( j = 2,3,4, ... n) ìîæíî ïîëó÷èòü ïåðåñ÷åòîì ðåøåíèé ñ äâóõ ïðåäûäóùèõ ñëîåâ ( j=0,1,2, ... , n-1) ïî ôîðìóëå (5). Íà íóëåâîì âðåìåííîì ñëîå (j=0) ðåøåíèå èçâåñòíî èç íà÷àëüíîãî óñëîâèÿ ui0 = f(xi).


Äëÿ âû÷èñëåíèÿ ðåøåíèÿ íà ïåðâîì ñëîå (j=1) â äàííîé ëàáîðàòîðíîé ðàáîòå ïðèíÿò ïðîñòåéøèé ñïîñîá, ñîñòîÿùèé â òîì, ÷òî åñëè ïîëîæèòü (   u(x,0)/ (  t  (  ( u( x, (  ) - u(x,0) )/ (   (6) , òî ui1=ui0+       + (  (xi), i=1,2, ... n. Òåïåðü äëÿ âû÷èñëåíèÿ ðåøåíèé íà ñëåäóþùèõ ñëîÿõ ìîæíî ïðèìåíÿòü ôîðìóëó (5). Ðåøåíèå íà êàæäîì ñëåäóþùåì ñëîå ïîëó÷àåòñÿ ïåðåñ÷åòîì ðåøåíèé ñ äâóõ ïðåäûäóùèõ ñëîåâ ïî ôîðìóëå (5). 


Îïèñàííàÿ âûøå ñõåìà àïïðîêñèìèðóåò çàäà÷ó ñ òî÷íîñòüþ äî Î( ( +h2). Íåâûñîêèé ïîðÿäîê àïïðîêñèìàöèè ïî ( îáúÿñíÿåòñÿ èñïîëüçîâàíèåì ñëèøêîì ãðóáîé àïïðîêñèìàöèè äëÿ ïðîèçâîäíîé ïî å â ôîðìóëå (6).


Ñõåìà óñòîé÷èâà, åñëè âûïîëíåíî óñëîâèå Êóðàíòà  (   < h. Ýòî îçíà÷àåò, ÷òî ìàëûå ïîãðåøíîñòè, âîçíèêàþùèå, íàïðèìåð, ïðè âû÷èñëåíèè ðåøåíèÿ íà ïåðâîì ñëîå, íå áóäóò íåîãðàíè÷åííî âîçðàñòàòü ïðè ïåðåõîäå ê êàæäîìó íîâîìó âðåìåííîìó ñëîþ. Ïðè âûïîëíåíèè óñëîâèé Êóðàíòà ñõåìà îáëàäàåò ðàâíîìåðíîé ñõîäèìîñòüþ, ò.å. ïðè h  (     0 ðåøåíèå ðàçíîñòíîé çàäà÷è ðàâíîìåðíî ñòðåìèòñÿ ê ðåãøåíèþ èñõîäíîé ñìåøàííîé çàäà÷è.


Íåäîñòàòîê ñõåìû â òîì, ÷òî êàê òîëüêî âûáðàíàÿ âåëè÷èíà øàãà ñåòêè h â íàïðàâëåíèè x , ïîÿâëÿåòñÿ îãðàíè÷åíèå íà âåëè÷èíó øàãà  (    ïî ïåðåìåííîé t . Åñëè íåîáõîäèìî ïðîèçâåñòè âû÷èñëåíèå äëÿ áîëüøîãî çíà÷åíèÿ âåëè÷èíû T , òî ìîæåò ïîòðåáîâàòüñÿ áîëüøîå êîëè÷åñòâî øàãîâ ïî ïåðåìåííîé t. Óêàçàííûé ãíåäîñòàòîê õàðàêòåðåí äëÿ âñåõ ÿâíûõ ðàçíîñòíûõ ñõåì. 


Äëÿ îöåíêè ïîãðåøíîñòè ðåøåíèÿ îáû÷íî ïðèáåãàþò ê ìåòîäàì ñãóùåíèÿ ñåòêè.


Äëÿ ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ïî ÿâíîé ðàçíîñòíîé ñõåìå (5) ïðåäíàçíà÷åíà ÷àñòü ïðîãðàììû, îáîçíà÷åííàÿ Subroutine GIP3 Begn ... End . Äàííàÿ ïîäïðîãðàììà âû÷èñëÿåò ðåøåíèå íà êàæäîì ñëîå ïî çíà÷åíèÿì ðåøåíèÿ ñ äâóõ ïðåäûäóùèõ ñëîåâ.


Âõîäíûå ïàðàìåòðû :


hx - øàã ñåòêè h ïî ïåðåìåííîé õ;


ht - øàã ñåòêè   (    ïî ïåðåìåííîé t;


k - êîëè÷åñòâî óçëîâ ñåòêè ïî x, a = hn;


u1 - ìàññèâ èç k äåéñòâèòåëüíûõ ÷èñåë, ñîäåðæàùèé çíà÷åíèå ðåøåíèé íà ( j - 1 ) âðåìåííîì ñëîå, j = 1, 2, ... ;


u2 - ìàññèâ èç n äåéñòâèòåëüíûõ ÷èñåë, ñîäåðæàùèé çíà÷åíèå ðåøåíèé íà j - ì âðåìåííîì ñëîå, j = 1, 2, ... ;


u3 - ðàáî÷èé ìàññèâ èç k äåéñòâèòåëüíûõ ÷èñåë.


Âûõîäíûå ïàðàìåòðû :


u1 - ìàññèâ èç n äåéñòâèòåëüíûõ ÷èñåë, ñîäåðæàùèé çíà÷åíèå ðåøåíèÿ èç j - ì âðåìåííîì ñëîå, j = 1, 2, ... ;


u2 - ìàññèâ èç n äåéñòâèòåëüíûõ ÷èñåë, ñîäåðæàùèé çíà÷åíèå ðåøåíèÿ èç ( j +1) - ì âðåìåííîì ñëîå, j = 1, 2, ...  .


Ê ÷àñòè ïðîãðàììû, îáîçíà÷åííîé êàê Subroutine GIP3 Begin ... End ïðîèñõîäèò öèêëè÷åñêîå îáðàùåíèå, ïåîðåä ïåðâûì îáðàùåíèåì ê ïðîãðàììå ýëåìåíòàì ìàññèâà u2 ïðèñâàèâàþòñÿ íà÷àëüíûå çíà÷åíèÿ, à ýëåìåíòàì ìàññèâà u1 - çíà÷åíèÿ íà ðåøåíèÿ íà ïåðâîì ñëîå, âû÷èñëèííûå ïî ôîðìóëàì (6). Ïðè âûõîäå èç ïîäïðîãðàììû GIP3 â ìàññèâå u2 íàõîäèòñÿ çíà÷åíèå ðåøåíèÿ íà íîâîì âðåìåííîì ñëîå, à â ìàññèâå u1 - çíà÷åíèå ðåøåíèÿ íà ïðåäûäóùåì ñëîå.


Ïîðÿäîê ðàáîòû ïðîãðàììû:


1) îïèñàíèå ìàññèâîâ u1, u2, u3;


2) ïðèñâîåíèå ôàêòè÷åñêèõ çíà÷åíèé ïàðàìåòðàì n, hx, ht, îáëþäàÿ óñëîâèå Êóðàíòà;


3) ïðèñâîåíèå íà÷àëüíîãî çíà÷åíèÿ ðåøåíèÿ ýëåìåíòàì ìàññèâà è âû÷èñëåííîå ïî ôîðìóëàì (6) çíà÷åíèå ðåøåíèÿ íà ïåðâîì ñëîå;


4) îáðàùåíèå ê GIP3 â öèêëå k-1 ðàç, åñëè òðåáóåòñÿ íàéòè ðåøåíèå íà k-ì ñëîå ( k  (   2 ).


Ïðèìåð:
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Ðåøèòü çàäà÷ó î êîëåáàíèè ñòðóíû åäèíè÷íîé äëèíû ñ çàêðåïëåííûìè êîíöàìè, íà÷àëüíîå ïîëîæåíèå êîòîðîé èçîáðàæåíî íà ðèñóíêå. Íà÷àëüíûå ñêîðîñòè ðàâíû íóëþ. Âû÷èñëåíèÿ âûïîëíèòü ñ øàãîì h ïî x, ðàâíûì 0.1, ñ øàãîì  (     ïî t, ðàâíûì 0.05, ïðîâåñòè âû÷èñëåíèÿ äëÿ 16 âðåìåííûõ ñëîåâ ñ ïå÷àòüþ ðåçóëüòàòîâ íà êàæäîì ñëîå. Òàêèì îáðàçîì, çàäà÷à èìååò âèä


( (   2 u/ (  t2) =  ( (  2 u/ (  x 2) , x  (    [ 0 , 1 ] ,  t   (    [ 0 , T ] ,


u ( x , 0 ) = f (x) , x  (    [ 0 , a ],    (  u(x,0)/ (  t = g(x) ,  x   (    [ 0 , a ],


u ( 0 , t ) = 0,  u ( 1 , t ) = 0,   t  (    [ 0 , 0.8 ],


  


                (  2x , x  (    [ 0 , 0.5 ] ,


f(x) =      (						g( x ) = 0


                (  2 - 2x , x  (    [ 0.5 , 1 ] ,


Ñòðîèì ñåòêó èç 11 óçëîâ ïî x è âûïîëíÿåì âû÷èñëåíèÿ äëÿ 16 ñëîåâ ïî t. Ïðîãðàììà, è ðåçóëüòàòû âû÷èñëåíèÿ ïðèâåäåíû äàëåå.


